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We propose a cosmological model, u¨ΛCDM, based on u¨ber-gravity, which is a canonical ensemble average
of many theories of gravity. In this model, we have a sharp transition from (a purely) ΛCDM era to a phase
in which the Ricci scalar is a constant. This transition occurs when the Ricci scalar reaches a critical scale
or alternatively at a transition redshift, z⊕. We use the observations of baryonic acoustic oscillations (BAO)
and Supernovae Ia (SNe), as well as the cosmic microwave background (CMB) data to constrain u¨ΛCDM. This
yieldsH0 = 70.6
+1.1
−1.3 km/s/Mpc, Ωm = 0.2861±0.0092 and z⊕ = 0.537
+0.277
−0.375 , providing a marginally better
fit with a Akaike information criterion of 0.8. Therefore, u¨ΛCDM can ease the H0-tension, albeit marginally,
with one additional free parameter. We also provide a preliminary study of the linear perturbation theory in
u¨ΛCDM which points to interesting potential smoking guns in the observations of large scales structure at
z < z⊕.
I. INTRODUCTION:
The standard model of cosmology, ΛCDM, consists of
well-known baryons, unknown cold dark matter (CDM) and
dark energy, which is represented by the cosmological con-
stant (Λ). Also the gravity is governed by the Einstein gen-
eral relativity (GR) in the standard model. The vanilla ΛCDM
model is a favored one as it fits well almost all of the observa-
tions such as cosmic microwave background radiation (CMB)
[1] and large scale structure (LSS) [2]. However, fundamen-
tal questions remain, e.g., what are the natures of dark energy
and dark matter? What is responsible for a highly fine-tuned
cosmological constant, in comparison to the vacuum energy
density predicted by the particle physics (otherwise known as
the cosmological constant problem)?
On the observational side, notable tensions between best
fit ΛCDM theoretical predictions [1] and data remain, which
include: H0 tension [3–6], σ8 tension [7–9], BAO in the
Lyman-α forest [10], void phenomenon [11] and missing
satellite problem [12]. While such tensions can be (and often
are) due to systematic errors, some may provide clues to the
physics beyond the standard models of cosmology and parti-
cle physics. As an interesting idea which has been studied to
address bothH0 and σ8 tensions is massive neutrinos [13]. To
lessen H0 tension different approaches have been extensively
studied in the literature of modified gravity (e.g., [14–17]) in-
cluding interacting dark energy [18, 19], neutrino-dark matter
interaction [20], varying Newton constant [21], viscous bulk
cosmology [22], phantom-like dark energy [23], early dark
energy [24], massive graviton [25], phase transition in dark
energy [26, 27], decaying dark matter [28], etc. As another
example, warm dark matter as an idea with some roots in par-
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ticle physics has been proposed as a solution for missing satel-
lite problem [29]. However, none of the above alternatives has
been quite as compelling as ΛCDM.
Here we pursue a different perspective on this problem: In
spite of (presumable) existence of a huge number of distinct
theoretically consistent models, how can Nature only pick
one? This leads to an idea described in [30] and based on
that a model, u¨ber-gravity, introduced in [31] which we will
briefly review in the following section. We then study the re-
sulting cosmology and show that it has a rich phenomenology,
with the potential to address the H0 and BAO in the Lyman-
α forest tensions, as well as distinct predictions for structure
formation at low redshifts. The structure of this work is as
below: In Sec.(II), we introduce the idea of ensemble average
theory of gravity and the corresponding u¨ber-gravity model.
In Sec.(III), we introduce the cosmological model that follows
u¨ber-gravity, which we call u¨ΛCDM. In Secs.(IV) and (V), we
study the background and perturbation of u¨ΛCDM. Finally in
Sec.(VI), we conclude and remark on future directions.
II. U¨BER-GRAVITY
In this section, we review the idea of the ensemble aver-
age theory of gravity and u¨ber-gravity in the upcoming two
subsections respectively.
A. Ensemble Average Theory of Gravity
The “Ensemble Average Theory of Gravity” [30] suggests
that the gravity model is the average over all the theoretically
possible models of gravity. For this reason, a recipe has been
suggested which is inspired by path integral formalism. This
idea has some relationship with the “Mathematical Universe”
idea of Tegmark [32]. The same philosophy has been used in
the context of particle physics by Arkani-Hamed et al. [33].
In [33], it is assumed that there are different types of standard
model of particle physics labeled by their Higgs masses. The
2idea of taking averaging over all the possible models can give
a clue to address hierarchy problems [31, 33]. To implement
this idea we suggest to work with a Lagrangian which has
been defined as [30]
L =
( N∑
i=1
Lie−βLi
)/( N∑
i=1
e−βLi
)
, (1)
where Li’s are the theoretically possible Lagrangians and β
is a free parameter of this model. As is commonly done in
statistical physics, we can write this as:
L = − ∂
∂β
lnZ, Z ≡
N∑
i=1
e−βLi (2)
whereZ is the canonical partition function in the model space.
In the next subsection, we will use the idea to make a toy
model.
B. U¨ber-Gravity model
In [31], the above idea has been used in the context of grav-
ity and here we will review it very briefly. Let’s define the
partition function over the all analytic models of gravity as
Z =
∑
f(R)
e−βf(R), (3)
where f(R)’s are analytic functions of Ricci scalar, R. In
[31], it has been shown that the final Lagrangian, dubbed u¨ber-
gravity, is not sensitive to the choice of basis for its main prop-
erties. In general, for analytic functions of f(R) we can set
basis as αnR
n + λn for each n ∈ N. For simplicity, here we
focus on αn = 1/R
n
0 and λn = −2Λ, which yields:
Lu¨ber =
( ∞∑
n=1
(R¯n − 2Λ)e−β(R¯n−2Λ)
)/( ∞∑
n=1
e−β(R¯
n−2Λ)
)
,(4)
where R¯ ≡ R/R0 and R0 is a new free parameter of the
model with dimension [M2] which makes β dimensionless.
An example of Lu¨ber is shown in Fig. 1.
The u¨ber-gravity has the following universal properties: i)
for high-curvature regime it reduces to the Einstein-Hilbert
(EH) action i.e. R− 2Λ, ii) for intermediate-curvature regime
it predicts a stronger gravity than the EH model, iii) it is van-
ishing for low-curvature regime (R < R0) and iv) there is
a sharp transition at R0, which is not sensitive to choice of
the basis and parameters [31]. In this sense, u¨ber-gravity is
a fixed point in the model space which makes it unique. The
main goal of this work is to study the cosmology of our model
and for this purpose we need to study the equations of mo-
tion. However, for our purpose we need the trace of equation
of motion (and we assume the case of steady state i.e. R is
evolving very slowly) which is plotted in Fig. 2. In the next
section, we will introduce a cosmological model based on the
general behavior of the u¨ber-gravity.
FIG. 1: Blue line is our Lagrangian (4) forΛ = 0.32R0 and β = 2.5
where we do sum up to N = 1000 (It is easy to see that for larger
N ’s the plot is practically the same.) and yellow dashed line shows
standard EH action with the same value for Λ.
FIG. 2: Blue line is the trace of equation of motion in u¨ber-gravity
where Λ = 0.32R0, β = 2.5 and yellow dashed line shows the
same for the EH action. For ρ > ρu¨ber the matter field sees gravity
as standard EH action and for ρ < ρu¨ber the gravity switches to
R = R0.
III. U¨ΛCDM COSMOLOGY
In this section, we propose a cosmological model which is a
natural consequence of u¨ber-gravity model. According to Fig.
2, we see that the u¨ber-gravity leads to a very simple model
for the gravity as
Gravity ≃
{
R = R0 ρ < ρu¨ber
ΛCDM ρ > ρu¨ber
(5)
which we call u¨ΛCDM. In this scenario, if matter density
ρ > ρu¨ber then it sees pure GR with a cosmological constant,
while if ρ < ρu¨ber then the metric is constrained to have con-
stant Ricci scalar i.e. R0, which is a free parameter in our
model presented in Eq.(4). We should mention that the above
argument does not depend on the radiation content of the uni-
verse since the radiation is trace-free and has no contribution
to our conclusion based on Fig. 2.
The sharp transition in our model is representative of a fam-
3ily of models that have different physics for early and late
time universe. Such models may address the tensions between
early and late time observations. In this sense, our model (5) is
very similar to vacuum metamorphosis scenario [34] though
they are conceptually different and we do not have any claim
about the vacuum structure [35].
In the following sections, we study the background and per-
turbation of this model.
IV. BACKGROUND ANALYSIS AND CMB
The continuity equation for matter gives ρ(z) ∝ (1 + z)3
which means it is decreasing and the universe is in pure
ΛCDM phase, i.e. ρ > ρu¨ber in (5) for early times. Then
there is a transition redshift z⊕ given by ρu¨ber when the model
switches to R = R0 phase in (5). For the background we as-
sume a spatially flat FRW metric which gives the following
(modified) Friedmann equation for z > z⊕
E2(z) = Ωm(1 + z)
3 +ΩΛ, (6)
where E(z) ≡ H(z)/H0 and H0 is Hubble parameter at z =
0. For z < z⊕ we have
E2(z) =
1
2
R¯0 + (1− 1
2
R¯0)(1 + z)
4 (7)
where R¯0 ≡ R0/6H20 . We assume E(z) is continuous at
z = z⊕ to read R¯0 from the following relation
Ωm(1 + z⊕)
3 +ΩΛ =
1
2
R¯0 + (1− 1
2
R¯0)(1 + z⊕)
4. (8)
Furthermore, we assume continuity ofH ′(z) (prime is deriva-
tive wrt redshift) or equivalently Ricci scalar which gives us
an additional constraint on our parameters
Ωm(1 + z⊕)
3 =
4
3
(1 − 1
2
R¯0)(1 + z⊕)
4. (9)
Therefore, we see that u¨ΛCDM has three independent free pa-
rameters i.e. H0, Ωm, and z⊕ which is one more than standard
ΛCDM’sH0 andΩm. Nowwe are going to constrain u¨ΛCDM
with observational data and contrast it with ΛCDM. To do a
fair comparison, we should mention that in the following we
will find the best fit of ΛCDM with exactly the same datasets
which will be used for u¨ΛCDM. As such, the best fit values in
ΛCDM may be slightly different from those of Planck 2015
[1].
A. Observational Datasets
In the following we report the datasets used in this work
including: CMB, localH0, BAO and Lyman-α forest.
For CMB, we use the Planck 2015 TT+lowP data [1]. An-
other data point is given by Riess et al. [3] i.e. H0 =
73.24 ± 1.74 km/s/Mpc, and from now on we refer to it by
R16. This is the data point which is in tension with Planck
2015 best-fit ΛCDM model. The other dataset is the bary-
onic acoustic oscillation (BAO) measurements: we use the
6dFGS data at z = 0.106 [39], the SDSS main galaxy (MGS)
at z = 0.15 of [40], Baryon Oscillation Spectroscopic Sur-
vey (BOSS) LOWZ [41] at z = 0.32, and CMASS sur-
veys [42] at z = 0.57. To test our model, we consider
BAO in Lyman-α forest of quasar spectra by [10] who re-
port two independent quantities at z = 2.40; line of sight
distance as DH/rd = 8.94 ± 0.22 and angular distance as
DM/rd = 36.6 ± 1.2 where DM = (1 + z)DA. A ten-
sion between Planck 2015 and Lyman-α forest BAO has been
reported [43] which could potentially be solved with a dy-
namical dark energy [44]. Here in this work we use the re-
cent analysis [10] which has less tension with Planck 2015.
We summarized the datasets in Table I. In the following, we
will report the best fit of our model and standard ΛCDM, with
CMB+BAO+R16 which makes our results comparable with
Planck 2015 [1].
B. Results
Our results are summarized in Table II. We contrast best-fit
parameters and goodness of fit between u¨ΛCDM and standard
ΛCDM with these datasets [54]. Also we conduct Akaike in-
formation criterion (AIC) to compare the two model with the
data set. In Figure (3), we plot the confidence level of stan-
dard ΛCDM model in comparison with u¨ΛCDM, the data set
used is CMB+R16+BAO. In Figure (4), we plot the contour
plot of the free parameters of u¨ΛCDM and illustrated the best
fits graphically for CMB data set and CMB+BAO+R16. For
ΛCDM the best fit values for derived parameters of Ωm =
0.3044 ± 0.0073 and H0 = 68.02 ± 0.55 km/s/Mpc with
χ2 = 923.3 . A little bit higher value for H0 in compari-
son with Planck 2015 [1] is because we have added R16 to our
data set which drives a higher value for Hubble parameter (the
rest of parameters are listed in Table II). Our model best fit oc-
curs atH0 = 70.6
+1.1
−1.3 km/s/Mpc,Ωm = 0.2861±0.0092 and
the transition scale factor a⊕ = (1 + z⊕)
−1 = 0.642+0.056−0.078
with χ2 = 921.9. Since u¨ΛCDM and ΛCDM don’t have the
same number of free parameters then χ2 analysis may not be
very useful. Because of it we have used Akaike information
criterion (AIC) analysis [50] which is basically a simplified
version of Bayesian analysis and it takes care of the number
of free parameters. The AIC results show u¨ΛCDM is slightly
preferred by the datasets even with one more free parameter.
In Fig. 5, we show the confidence level of Ωm, a⊕ and the
color-bar showed the value ofH0. This plot also indicates the
anti-correlation of the matter density and Hubble parameters,
the data set which is used in this plot is CMB+R16+BAO. In
Fig. 6, we have the contour plot of H0 and free parameter
R¯0. This is a crucial plot to compare our results with [51] (see
Figure(4) in their paper) which shows the consistency of two
models. Green contours shows the constrains from CMB data
alone and blue contours obtained from CMB+R16.
We summarize the results in Table II and based on these
values we plot background distance quantities: In Fig. 7, the
angular diameter distance normalized to Planck 2015 best fit
4CMB BAO BAO Lyman-α Hubble
Planck 2015 [1] 6dFGS (z = 0.106) [39] LOWZ (z = 0.320) [41] Lyα (z = 2.40) [10] Local H0 [3]
TT+lowP data rd/DV = 0.336 ± 0.015 DV = 1264.0 ± 25.0 DH/rd = 8.94 ± 0.22 H0 = 73.24 ± 1.74 km/s/Mpc
MGS (z = 0.150) [40] CMASS (z = 0.570) [42] Lyα (z = 2.40) [10]
DV = 664.0 ± 25.0 DV = 2056.0 ± 20.0 DM/rd = 36.6 ± 1.2
TABLE I: Datasets.
ΛCDM u¨ΛCDM
M
ai
n
P
ar
am
et
er
s
Ωch
2 = 0.1179 ± 0.0013 Ωch
2 = 0.1197+0.0015−0.0018
Ωbh
2 = 0.0222 ± 0.002 Ωbh
2 = 0.0221 ± 0.0002
ΩΛ = 0.690
+0.0070
−0.0075 ΩΛ = 0.7139 ± 0.0092
τ = 0.092 ± 0.023 τ = 0.079 ± 0.024
ln(1010As) = 3.116
+0.047
−0.041 ln(10
10As) = 3.094± 0.047
ns = 0.9681 ± 0.0037 ns = 0.9640
+0.0046
−0.0041
—– z⊕ = 0.537
+0.277
−0.375
Ωm = 0.3044 ± 0.0073 Ωm = 0.2861 ± 0.0092
H0 = 68.02 ± 0.55 H0 = 70.6
+1.1
−1.3
S
ta
t.
χ2 = 923.3 χ2 = 921.9
AIC = 1858.6 AIC = 1857.8
TABLE II: The best fit values for ΛCDM and u¨ΛCDM for two sets
of data. The Akaike information criterion (AIC) analysis shows
u¨ΛCDM is slightly better than ΛCDM.
values has been plotted. In addition to our distance to the last
scattering surface, we plotted the Lyman-α forest BAO data
point at z = 2.4 which shows a 2.5σ tension with both mod-
els. In Fig. 8, we plotted the volume distance normalized to
Planck 2015 best fit values. We have added BAO data and
one should compare this plot with Fig. 14 in [1]. In addi-
tion to BAO we transformed local H0 measurement [3] to a
distance. Planck 2015 and our best-fit ΛCDM model are in
tension with R16. However the tension almost disappears in
u¨ΛCDMmodel, while the tension with Lyman-αDV (z)mea-
surement is reduced.
V. PERTURBATIONS: THE SET-UP
It is well-known that all f(R) theories of gravity can be
written as scalar-tensor theories. Consider the following
scalar-tensor action representing the cosmological era after
the transition in u¨ber-gravity:
S =
1
16piG
∫
d4x
√−g
[
ξ (R −R0)− λ
]
+ Lm , (10)
whereR is the Ricci scalar, g is the trace of the metric gab, R0
is the (constant) value of curvature after the transition, and ξ
is a Lagrange multiplier that is a priori space-time dependent
and ensures the constraint R = R0. In addition we know
from the physics that the above action should be matched with
standard ΛCDM which means for ξ = 1 it should be standard
Einstein-Hilbert action i.e. we should set λ = 2Λ−R0 where
Λ is the cosmological constant for ρ > ρu¨ber. The equations
of motion (EOM) for this action are:
−gab
2
ξ(R−R0)+λ
2
gab+ξRab−[∇a∇b−gab]ξ=8piGTab
(11)
R−R0=0 . (12)
The trace of Eq. (11) can be written using the constraint equa-
tion as:
ξR0 = 8piGT − 2λ− 3ξ , (13)
where T = gabTab. Using the results for the linear scalar
perturbation of Appendix A we can write the Newtonian po-
tential ψ and lensing potential φL in the quasi-static regime
(∇2 ≫ H2):
∇2ψ = 16piGa
2
3ξ0
δρ, (14)
φL ≡ φ+ ψ
2
=
3
4
ψ, (15)[
ψ˙ +
(
H+ ξ˙
0
ξ0
)
ψ
]
,i
= −16piG
3ξ0
ρ¯ui, (16)
where ρ¯(τ) + δρ(x, τ) and ui(x, τ) are the CDM density and
peculiar velocity, respectively.
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FIG. 3: Comparison of the base ΛCDM model with u¨ΛCDM parameter constraints from data set Table I. It is obvious that u¨ΛCDM prefers
higher H0 and less Ωm in comparison with ΛCDM.
In order to solve Equations (13-16), we first need to know
the initial conditions for the fields at z = z⊕. Comparing the
action (10) with the Einstein-Hilbert action, we find:
ξ0(z ≥ z⊕) = 1 and ξ˙0(z ≥ z⊕) = 0, (17)
which sets the initial condition for the background equation
for ξ0 in (13). Having solved for ξ0(τ), we can plug into
Equation (15) to find Newtonian potential, which in turn gov-
erns the geodesic equation for CDM. By comparing Equations
(15-16) with Einstein equation, we notice that continuity of
matter density and velocity implies that there will be a jump
in Newtonian potential, while the lensing potential will remain
continuous at z = z⊕:
ψ(z < z⊕) =
4
3
ψ(z > z⊕), (18)
φL(z < z⊕) = φL(z > z⊕), (19)
as z → z⊕. (20)
Therefore, the rate of structure formation (at the linear level),
which is governed by gravitational acceleration, suddenly
jumps by 33% at the onset of the transition. In order to
quantify the growth of the structures in linear regime we
have to determine the evolution of the growth rate parameter
f ≡ d ln δ/d ln a (which is the logarithmic derivative of dark
matter density contrast with respect to scale factor). This evo-
lution is governed by the continuity and Euler equation and
also the modified Poisson equation which results in
df
dz
+ [
d lnE(z)
dz
− 2
1 + z
]f − f
2
1 + z
+
2Ωm(1 + z)
2
E2(z)ξ(z)
= 0,
(21)
where we should note that the ξ has a dynamic determined
from field Einstein field equation as
dξ
dz
+[
1
1 + z
− d lnE(z)
dz
]ξ = −Ωm(1 + z)
2
E2(z)
+
R¯0 − ΩΛ/2
(1 + z)E2(z)
(22)
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FIG. 4: The comparison of u¨ΛCDMwith base CMB temperature and polarization data (green contour plots) and CMB+BAO+R16 constrained
(gray contour plots)
In Fig.(9) we plot the growth rate versus redshift for ΛCDM
and u¨ΛCDM for two sets of parameters reported in TABLE II.
In addition, we assumed that both constant ξ = 1 and evolv-
ing ξ(z) (which satisfies (22)) while the background cosmol-
ogy is governed by u¨ΛCDM. In Fig.(10), we plot the growth
rate versus dimensionless Hubble parameter, this plot probe a
cosmology with expansion history of the Universe and growth
rate of perturbations proposed by Linder [52]. The data points
of expansion history versus growth rate is from Moresco and
Marulli [53].
The real story, of course, is more complicated. Nonlinear
structures are already well in place by z⊕ ∼ 0.4. Inside haloes
and their outskirts, the density never goes below ρu¨ber, imply-
ing that GR remains valid. The voids, however, could have
underdensities of ∼ 50%, and thus have crossed over in the
u¨ber-era, much earlier [55]. The boost in Newtonian potential
can accelerate the emptying of the voids and boost the Inte-
grated Sachs-Wolfe (ISW) effect. Could this provide a means
to understand the void phenomenon [11], or the anomalously
large ISW effects observed in voids [46] and in general [47]?
We defer studying these possibilities to future work, but com-
ment that, due to their nonlinear nature, they can only be sat-
isfactorily addressed using numerical simulations.
VI. CONCLUDING REMARKS
In this work, we show how from the idea of u¨ber-gravity a
cosmological model is emerged. We call this model u¨ΛCDM,
to indicate two distinct phases of cosmological evolution: The
era of ΛCDM, and the u¨ber-era with a constant Ricci scalar.
The universe is in pureΛCDM and GR when matter density is
larger than a critical density, ρu¨ber. After matter density drops
below ρu¨ber, the universe is in a state with a constant Ricci
scalar where we find a suitable solution for Hubble parameter
to match the data. This behavior can be seen in a more general
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FIG. 5: A 3D plot of Ωm versus the transition scale factor a and
Hubble parameter.
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FIG. 6: The confidence level of R0 andH0 parameter.
context, as a phase transition in gravity, and u¨ber-gravity, nat-
urally, provides such a framework to think about such a phase
transition. We showed, at the level of background, u¨ΛCDM
can be a potential resolution for the tension between high and
low redshift H0 measurements, noting that the H0 measured
in local universe is computed in the u¨ber-era. We also show
that in the level of background the u¨ΛCDM model fits with
the BAO data better than ΛCDM, albeit marginally.
Furthermore, we provide a preliminary analysis of struc-
ture formation in u¨ΛCDM, showing that structure formation
will be enhanced in the u¨ber-era. This is most likely to affect
cosmic voids, and could potentially explain anomalies asso-
ciated with void structure formation. We plan to study this
possibility in the future.
Note-I: Recently, LIGO reported detection of gravity wave
from a NS-NS binary with its EM counterpart [48]. By us-
ing gravitational wave as standard siren (which is completely
independent of SNe or CMB) they could measure Hubble pa-
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FIG. 7: The angular diameter distance dA(z) (normalized to Planck
2015 best fit values’ prediction) for u¨ΛCDM model and the best fit
for ΛCDM has been plotted in solid black and dashed blue lines,
respectively. The data point at z = 1090 is the distance of last scat-
tering surface given by dA(z) =
rs
(1+z)Θ
and 100Θ = 1.04085 ±
0.00047 reported by Planck 2015 [1]. We also added the BAO angu-
lar distance from Lyman-α quasar DM/rd = 36.6± 1.2 reported in
[10].
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FIG. 8: The volume distance, DV (z) (normalized to Planck 2015
best fit values’ prediction) for our model and best fit of ΛCDM are
plotted in solid black and dashed blue lines, respectively. Green data
points represents four BAO measurements. In addition we added
BAO data point from Lyman-α quasar in dark blue. We (schemat-
ically) translated R16 measurement for H0 to a volume distance
which is the blue data point. Obviously, u¨ΛCDM can decrease H0
tension significantly while it is still compatible with BAO data points.
rameter,H0 = 70.0
+12.0
−8.0 km/s/Mpc [49], which as of yet can-
not distinguish the models discussed here. Higher statistics of
such observations can reduce the errors and shed light on the
status ofH0 tension in cosmology.
Note-II: During the final stages of this work, Valentino, Lin-
der and Melchiorri submitted a preprint that addressed theH0
tension via Parker’s model of Vacuum Metamorphosis (VM)
[51] which has a very similar structure to our model. The
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FIG. 9: The growth rate is plotted versus redshift for ΛCDM model
with the best fit from Planck data (TT+lowPlensing best fit) and
u¨ΛCDM with best fit from (CMB+BAO+R16). The data points are
growth rate times σ8 from 6DFGS + SDSS-MGS + BOSS-Lowz +
BOSS-CMASS. In u¨ΛCDM case we assumed both constant ξ = 1
and evolving ξ(z) for two sets of best fit parameters in TABLE II.
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FIG. 10: The normalized growth factor is plotted versus fσ8. The
solid line indicate the prediction of standard ΛCDM while u¨ΛCDM
has been plotted for different scenarios similar to FIG. 9. The data
points are from [53].
difference is that they also consider other cosmological pa-
rameters beyond ΛCDM to improve the fit, while they do not
provide a consistent treatment for perturbations in VM.
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Appendix A: Perturbations
In this section, we derive the background and linearly per-
turbed EOMs of Eqs. (11)-(13). To this end, we expand the
EOM to linear order in scalar metric perturbations in the lon-
gitudinal gauge:
ds2 = a2(τ)[−(1 + 2ψ)dτ2 + (1 − 2φ)d3x] , (A1)
R = R0 , (A2)
ξ = ξ0(τ) + ξ1(x, τ) (A3)
Tab = T¯ab(τ) + δTab(x, τ) , (A4)
T = T¯ (τ) + δT (x, τ) , (A5)
where T = Tabg
ab. The background EOMs are:
R0a
2
3
= 2
a¨
a
, (A6)
R0a
2
3
=
8piGT¯a2
3ξ0
+ 2H ξ˙
0
ξ0
+
ξ¨0
ξ0
− 2
3
a2λ , (A7)
R0a
2
3
=
16piGT¯ 00 a
2
3ξ0
+ 2H(H+ ξ˙
0
ξ0
)− λa
2
3ξ(0)
, (A8)
whereH = a˙/a.
The EOMs at linear order are:
9∇2(ψ − 2φ) = −ψR0a2 − 3H(3φ˙+ ψ˙)− 3φ¨ , (A9)
R0a
2
3
ξ1 =
8piGa2
3
δT − 2H(2ψξ˙0 − ξ˙1)−ξ1 − ξ˙0(3φ˙+ ψ˙)− 2φξ¨0 , (A10)
R0a
2
3
ξ1=
16piGa2
3
δT 00 +3ξ
1H2+4
3
ξ0∇2φ−H(Hψ+φ˙)−2H(2φξ˙0 − ξ˙1)− 2
3
∇2ξ1. (A11)
The {0i} component of the equation of motion is
2ξ0(Hψ,i + φ˙,i) = 8piGδT0i −Hξ1,i − ψ,iξ˙0 + ξ˙1,i . (A12)
And the continuity, Euler equation and the evolution of dark matter density contrast are given accordingly
δ˙ = −θ + 3Φ˙ (A13)
θ˙ +H = −∇2Ψ (A14)
δ¨ +Hδ˙ − 16piGa
−1
3ξ0(τ)
ρ¯δ = 0. (A15)
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